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Introduction
In a previous paper [1] we have given an intrinsic proof of the formula of Allendoerfer-Weil which generalizes to Riemannian manifolds of n dimensions the classical formula of Gauss-Bonnet for n = 2. The main idea of the proof is to draw into consideration the manifold of unit tangent vectors which is intrinsically associated to the Riemannian manifold. Denoting by R' the Riemannian manifold of dimension n and by M2"' the manifold of dimension 2n -1 of its unit tangent vectors, our proof has led, in the case that n is even, to an intrinsic differential form of degree n -1 (which we denoted by II) in M2"'. We shall introduce in this paper a differential form of the same nature for both even and odd dimensional Riemannian manifolds. We find that this differential form bears a close relation to the "Curvatura Integra" of a submanifold in a Riemannian manifold, because it will be proved that its integral over a closed submanifold of R' is equal to the Euler-Poincare characteristic of the submanif old. The method can be carried over to deduce relations between relative topological invariants of a submanifold of the manifold and differential invariants derived from the imbedding, and some remarks are to be added to this effect. ?1. Definition of the Intrinsic Differential Form in M"2-' Let R' be an orientable Riemannian manifold of dimension n and class > 3. For a r6sum6 of the fundamental formulas in Riemannian Geometry we refer to ?1 of the paper quoted above.
Let M2-' be the manifold of the unit tangent vectors of R'. To a unit tangent vector we attach a frame Pei ... en such that it is the vector er, through P. The frame Pe, ... en is determined up to the transformation (1) e* = E awes where (aad) is a proper orthogonal matrix of order n -1 and where, as well as throughout the whole section, we shall fix the ranges of the indices a, A to be from 1 to n -1.
Since the manifold of frames over RA is locally a topological product, we can, to a region in M2"-the points of which have their local coordinates expressed as differentiable functions of certain parameters, attach the frames Pe, ... en which depend differentiably (with the same class) on the same parameters. From the family of frames we construct the forms wi, wij = -w ji Qij according to the equations dP = E ;e, 
Under the transformations (1), (3) each of the forms in (4) is multiplied by the value of the determinant I aaO I, which is +1. Hence they are differential forms in M2n-1. We remark that 4bk is of degree n -1 and "k is of degree n. When n is even, they reduce to the forms of the same notation introduced in our previous paper. 
If n is even, say = 2p, then we have
where
If n is odd, say = 2q + 1, then
But in this case we have also
Xif n =2p is even,
A, if n = 2q + 1 is odd, or, for a formula covering both cases,
1A,(n -2X + 1)) * Our present form Q differs, in the case of even n, from the corresponding one in our previous paper by a sign. There are several reasons which indicate that the present choice is the appropriate one. Our foregoing relations can then be summarized in the formula (11) -dH = U.
We remark that H is a differential form of degree n -1 in M2"'. Over a simplicial chain of dimension n -1 in M2n-' whose simplexes are covered by coordinate neighborhoods of M2n-1 the integral Qf H is defined.
?2. Remarks on the Formula of Allendoerfer-Weil
As we have shown before, the formula (11) leads immediately to a proof of the formula of Allendoerfer-Weil. We shall, however, add here a few remarks.
Let 0 be a point of Rn, and let Oe? ... eo be a frame with origin at 0. A point P of Rn sufficiently near to 0 is determined by the direction cosines Xi (referred to Oe' * eo) of the tangent of the geodesic joining 0 to P and the geodesic distance s = OP. The coordinates x' of P defined by Let the Riemannian manifold Rf be closed. It is well-known and is also easy to prove directly that it is possible to define in Ri a continuous vector field with a finite number of singular points. Draw about each singular point a small geodesic hypersphere. The vector field at points not belonging to the interior of these geodesic hyperspheres defines a chain in M2n-1 over which Q can be integrated. From (11) and (16) The same idea can be applied to derive the formula of Allendoerfer-Weil for differentiable polyhedra. Let pn be a differentiable polyhedron whose boundary ;OP' is a differentiable submanifold imbedded in Rn. Let OaPn be orientable and therefore two-sided. To each point of aPn we attach the inner unit normal vector to aPn, the totality of which defines a submanifold of dimension n -1 in M2n-1. The integral of H over this submanifold we shall denote simply by f H. Then the formula of Allendoerfer-Weil for a differentiable polyhedron pni pin iS (19) f Q = II + x'(P n),
where Xt(P') is the inner Euler-Poincare' characteristic of P'.
To prove the formula (19), we notice that the field of unit normal vectors on ZP' can be extended continuously into the whole polyhedron P', with the possible exception of a finite number of singular points. Application of the formula of Stokes gives then fQ = -f II + (_ 1)nJ.
en den where J is the sum of indices at these singular points. That J = (-)1n x'(Pn) follows from a well-known theorem in topology [3] . It would also be possible to deduce this theorem if we carry out the construction of Stiefel-Whitney for polyhedra and verify in an elementary way that J = (-1),X'(Pn) for a particular vector field. where the right-hand member stands for the Euler-Poincare characteristic of Rm, which is zero if m is odd. As a preparation to the proof we need the formulas for the differential geometry of Rm imbedded in R'. At a point P of Rm we choose the frames Pe, en such that el, -.. , em are the tangent vectors to Rm. We noxv restrict ourselves on the submanifold Rm and agree on the following ranges of indices 1 ? a, m, m + 1 < r, s < n, 1 < A B < n-. To evaluate the integral on the left-hand side of (20) we introduce a differentiable family of frames Pal ... an in a neighborhood of Rm, satisfying the condition that aa = ea and that exactly one of the frames has the origin P. The relation between the vectors a.+1, X * a, and eml, 41 , en is then given by the equations which asserts that the inner Euler-Poincar6 characteristic of a polyhedron in an odd-dimensional manifold is --2 times the Euler-Poincar6 characteristic of its boundary, a well-known result in the topology of odd-dimensional manifolds.
It is interesting to remark in passing that, so far as the writer is aware, the formula (20) seems not known even for the Euclidean space.
?4. Fields of Normal Vectors
We consider the case that R2n is an even-dimensional orientable Riemannian manifold of class _ 3 and Rn a closed orientable submanifold of the same class imbedded in R2n. By considering normal vector fields over R , Whitney [5] has defined a topological invariant of Rn in R2 , which is the sum of indices at the singular points of a normal vector field (with a finite number of singular points) over R . Let us denote by 'P this invariant of Whitney.
To prepare for the study of this invariant we make use of the discussions at the beginning of ?3. To each point P of R n we attach the frames Pe, * e2n such that el, ***, en are tangent vectors to Rfn The first theorem can be proved in the same way as the formula of AllendoerferWeil. We shall give a proof of the second theorem.
For this purpose we take a simplicial decomposition of our submanifold RIn and denote its simplexes by o-, i = 1, * , m. We assume the decomposition to be so fine that each o-lies in a coordinate neighborhood of R'. According to a known property on the decomposition of a pseudo-manifold [6], the simplexes vX can be arranged in an order, say 0_, I *, , ff such that k, k < m, contains at least an (n -1)-dimensional side which is not incident to 1, , o'nL.
We then define a continuous normal vector field by induction on k. It is obviously possible to define a continuous normal vector field over 1. Suppose that such a field is defined over a, + * * + kfl. The simplex Sk has in common with o + + Sk-li at most simplexes of dimension n -1 and there exists, when k < m, at least one boundary simplex of dimension n -1 of Sk which does not belong to _ n + + -n . It follows that the subset of 0_ at which the vector field is defined is contractible to a point in Sk . By a well-known extension theorem [7] , the vector field can be extended throughout Sk, k < m. In the final step k = m the extension of the vector field throughout ?m will lead possibly to a singular point in in. Hence it is possible to define a continuous normal vector field over Rn with exactly one singular point, the index at which is equal to the Whitney invariant 41. If n is odd, we have, by (36), 4 = 0, and the singular point can be removed. This proves our theorem. 
